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Numerical solutions were obtained for the field of velocity in angular forced flow 
through the annulus between two concentric cylinders of large and infinite aspect ratio 
with a gap-to-inner radius ratio of 0.05 using a finite-element representation and the 
FIDAP code. For an infinite aspect ratio, velocity vectors reveal a purely angular mo- 
tion below a critical Dean number of 37.31 and a secondary motion in the form ofpairs 
of counterrotating vortices above that value. The wavelength of these vortices and the 
fnction factor are correlated in terms of the Dean number. For large but finite aspect 
ratios a weak secondary motion around the periphery is found to occur below the criti- 
cal Dean number, while for greater values the vortex at each end of the channel is 
greatly extended. The computed patterns of jlow are in good agreement with prior exper- 
imental visualizations as well as with those cam'ed out as part of this investigation. The 
computed characteristics are also in good agreement with prior theoretical results for 
limiting cases. The adaptation of the results for flow through an Archimedean spiral is 
described. 

Introduction 

The overall objective of the investigation, of which the work 
reported here is a small but essential element, is to charac- 
terize theoretically and experimentally the thermal and 
chemical behavior of a combined heat exchanger/catalytic re- 
actor in the form of a compact double spiral. As indicated by 
Retallick et al. (1990) and Targett et al. (1992), such a device 
has promise for the destruction of contaminants, including 
aerosols and microorganisms, in air from confined living and 
working spaces. 

The use of a double-spiral heat exchanger has also been 
proposed for other applications that require the minimiza- 
tion of heat losses and/or volume, including the combustion 
of low-heating-value gases that cannot be burned without sig- 
nificant preheating (see, for example, Jones et al., 1978). 

Vertical and cross-sectional views of a double-spiral heat 
exchanger with inflow and outflow of the same stream and 
with an electrical heat input at the core are sketched in Fig- 
ure 1. The stream of air, which enters one of the spiral pas- 
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sages at the periphery, is heated by exchange with the same 
stream of air flowing outward from the plenum through the 
other spiral passage. An incremental quantity of heat is sup- 
plied to the air by an electrical resistance element in the 
plenum. The relative angular locations of the entrances and 
exits of the two spiral passages are arbitrary but do influence 
the thermal behavior somewhat, especially for a small num- 
ber of turns (Targett et al., 1991; Choudhury et al., 1985). 

A particular advantage of the double-spiral configuration 
is to minimize heat losses by exposing only the outer turn and 
the ends to the surroundings. (In a conventional countercur- 
rent heat exchanger the total length of at least one passage is 
exposed to the surroundings.) Minimal heat losses are critical 
to the performance of a double-spiral heat exchanger in both 
of the applications just mentioned in that the energy supplied 
to the plenum by combustion or an electrical heater must be 
small relative to that which is exchanged. 

In the air cleaner, both sides of the corrugated metal sheets 
of which the exchanger is constructed are coated with a thin 
layer of catalyst. The catalyst is of course omitted from the 
portions of the surface facing the surroundings and the 
plenum. The process of catalytic oxidation of the contami- 
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Figure 1. Four-turn spiral. 

nants is dependent on a sufficient fraction of the coated sur- 
face attaining a high enough temperature. Although the proc- 
ess of destruction of the contaminants involves mass transfer 
to the surface and reaction on the surface as well as heat 
transfer, it can be characterized satisfactorily for a given ge- 
ometry and rate of flow by a single representative tempera- 
ture such as that of the air leaving the plenum. The predic- 
tion of the attainment of such a characteristic temperature 
requires complete thermal modeling of the exchanger, includ- 
ing heat losses to the surroundings and internal thermal radi- 
ation. The process of convective heat exchange in a double 
spiral is quite complicated even in a purely geometrical sense 
in that the entering stream receives heat from the exiting 
stream through the inner wall of the channel and also, de- 
pending on the location and the conditions, receives heat from 
or loses heat to the exiting stream one turn later through the 
outer wall of the channel (see Figure 1). Targett et al. (1991) 
have developed analytical solutions in closed form for ex- 
changers with a limited number of spiral turns. These solu- 
tions reveal semiquantitatively the unique behavior of dou- 
ble-spiral exchangers, but incorporate one sweeping idealiza- 
tion, namely the invariance throughout the exchanger of the 
product of the local heat-transfer coefficient and the associ- 
ated area. The area for heat exchange per unit angle de- 
creases toward the plenum while, because of the intensifying 
secondary motion associated with the decreasing radius of 
curvature, the local heat-transfer coefficient increases but not 

necessarily to the same degree. The local heat-transfer coeffi- 
cient also depends strongly on the ratio of the local heat flux 
densities on the opposing walls. 

In order to predict the local coefficient of heat transfer in 
a spiral passage it is necessary to know the detailed velocity 
field, including the secondary motion, at each point in the 
exchanger. The objective of the work reported here has been 
to develop a numerical solution for the field of flow in spiral 
passages for a range of conditions corresponding to those to 
be encountered in the proposed air cleaner, and also to con- 
firm the validity of these numerical solutions with experimen- 
tal visualizations. 

In the interests of generality the numerical solutions re- 
ported herein are for isothermal and isobaric conditions. The 
temperature is actually expected to vary considerably and the 
pressure to vary measurably over the exchanger in the appli- 
cations of interest. On the other hand, the variations of the 
temperature and pressure across the narrow dimension of a 
channel are expected to be small at all locations within the 
exchanger. Hence the isothermal and isobaric results pre- 
sented herein are expected to be applicable locally to a good 
approximation in thermal calculations. The fluid motion, as 
modeled, is postulated to be time-independent and nontur- 
bulent-restrictions that provide an upper limit to the physi- 
cal validity of the solutions with respect to the rate of flow as 
characterized by the Reynolds number or the Dean number. 

The results presented in this article are limited to the fluid 
motion. Results for the associated thermal behavior, which is 
dependent on additional physical properties and additional 
imposed conditions, will be presented separately. 

Prior Work 
No results, either theoretical or experimental, appear to 

have been published for flow through a spiral channel with a 
rectangular cross section. The only theoretical work for flow 
in a spiral of any kind appears to be that of Baurmeister and 
Brauer (1979). They constructed a solution for an 
Archimedean spiral of circular cross section by approximat- 
ing the velocity field at a series of distances through the spi- 
ral with that for fully developed flow in a torus with the cor- 
responding radius of curvature. The elemental solutions for 
toroidal flow that were used in this procedure were obtained 
by finite-difference calculations. 

Forced flow in a complete torus due to a pressure gradi- 
ent, such as that modeled by Baurmeister and Brauer, is in 
itself purely hypothetical. This idealization has, however, also 
been widely used with some success to approximate flow 
through helical coils of small pitch. A few of these numerical 
solutions are for channels of rectangular cross section and 
thereby are directly relevant to the work reported herein. 
Flow through a torus with a rectangular cross section can 
also be conceived as angular flow in the annulus between two 
concentric circular cylinders. 

The first work on angular flow in the annulus between con- 
centric cylinders is apparently that by Dean (1928), who per- 
formed a linear stability analysis for cylinders of infinite length 
with an asymptotically small gap-to-inner-radius ratio d/r , .  
His analysis is analogous to the well-known one of Taylor 
(1923) for the same geometry but with the inner cylinder ro- 
tating and the outer one fixed. Dean concluded from his 
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analysis that purely angular flow with fixed surfaces is stable 
for values of Red(d/r,)lP less than 35.94, but that a sec- 
ondary motion in the form of pairs of counterrotating vor- 
tices with a wavelength-to-gap ratio cr = A/d of approxi- 
mately 2/(1.57)'p = 1.60 is stable for values of Red(d/r,)V2 
slightly greater than 35.94. This prediction of a critical value 
of Red(d/r1)lp for the onset of a secondary motion in angu- 
lar flow between concentric cylinders is in contrast with the 
behavior in a coil of circular cross section, for which vortices 
are known to form for even incipient rates of flow. The di- 
mensionless grouping Re,(d/r, )IP or some slight perturba- 
tion thereof is now universally called the Dean number and 
symbolized by Dn. 

Reid (1958) and others have used more refined methods to 
obtain the values Dn, = 35.92 and a, = 1.595 for angular flow 
in a cylindrical gap of infinite aspect ratio with d/rl -+ 0. 
Walowit et al. (1964) utilized the Galerkin method to deter- 
mine the effect of a complete range of r1/r2 from 1 to 0.1 on 
the critical Dean number and wavelength. Using a four-term 
approximation, they computed Dn, = 35.90 and AJd = 1.587 
for r1/r2 + 1. For r1/r2 = 0.95, which corresponds closely to 
the condition of the current work, they computed Dn, = 37.20 
and A,/d = 1.563. Finlay et al. (1988) used a pseudospectral 
simulation similar to those developed for turbulent flows to 
determine Dn,=36.592 and a,= 1.586 for a finite inner- 
radius-to-gap ratio r,/d = 39. They also predicted the onset 
of wavy steady-state vortices at Dn = 50 and the onset of un- 
dulating time-dependent flow at Dn = 65. Lingrani et al. 
(1992) have since carried out further simulations for the 
regimes of undulating and twisting vortices. 

Brewster et al. (1959) were apparently the first to deter- 
mine the critical Dean number and wavelength experimen- 
tally. Using both bubbles and a dye as a marker, they pumped 
aqueous solutions of glycerine through a sector of an annulus 
with an aspect ratio of 35 and an inner-radius-to-gap ratio of 
12. The annulus was completely blocked at one angle. The 
circulating fluid entered through the inner wall near one side 
of the partition and exited near the other. They determined a 
critical Dean number of 36.5 f 1.1 and a critical wavelength- 
to-gap ratio of 1.31 * 0.25. The predicted values of the Dean 
number for the transitions to steady-state wavy flow and to 
time-dependent flow have been confirmed semiquantitatively 
by experiments. (See, for example, Ligrani and Niver, 1988; 
Lingrani et al., 1992.) 

Although a number of numerical solutions have been car- 
ried out for flow in torii of square cross section (angular flow 
in a cylindrical gap of unitary aspect ratio), those for large 
but finite aspect ratios are very limited, presumably because 
of the extensive computational demands. Cheng and Akiyama 
(1970) utilized a finite-difference formulation with the postu- 
late of an asymptotically small value of d/r, to compute the 
velocity field for aspect ratios of 2 and 5 (as well as for 1/5, 
1/2, and 1). Cheng et al. (1976) subsequently carried out simi- 
lar calculations for an aspect ratio of 2 (as well as for 1/5, 
1/2, and 1) for finite radius-to-gap ratios. For h/d = 2, they 
chose r,/d = 132.8 and 39.5. Their results include friction 
factors for a series of Dean numbers from 10.5 to 182 as well 
as velocity distributions and stream functions for representa- 
tive conditions in that range. 

Winters and Brindley (1984) utilized a finite-element for- 
mulation for the primary purpose of predicting the points of 

bifurcation for aspect ratios of 1 and 4 with raJd = 25, but 
they also predicted streamlines and axial velocity contours for 
particular conditions. Winters (1987) subsequently presented 
similar results for aspect ratios of 1 and 2. 

Finlay et al. (1988) determined the angular pressure gradi- 
ent as a function of Re/Re, from their computed velocity 
profiles, as well as the previously mentioned points of transi- 
tion. 

Several visual studies of the velocity field in addition to 
that of Brewster et al. (1959) have been carried out in half 
turns of rectangular cross section with a large aspect ratio. 
Kelleher et al. (1980) utilized an aspect ratio of 40 and r,/d 
= 46.6. Their photographs of an aerosol mist indicate wave- 
length-to-gap ratios of about 1.6 for Dn of 69.3 and 77.2. 
Ligrani and Niver (1988) utilized the same aspect ratio and 
wavelength-to-gap ratio as Kelleher et al., but used 
mesquite-wood smoke for visualization. They did not observe 
complete vortices at their measuring station of 0 = 

115(2~/180) rad until Dn attained a value of 73, perhaps 
because of incomplete development of the flow. Their mea- 
sured velocity distributions at Dn = 36 and 0 = 120(2~r/180) 
rad are in good agreement over the central portion of the gap 
with the theoretical expression presented below for subcriti- 
cal flow in an annulus of infinite aspect ratio. Lingrani et al. 
(1992) carried out further measurements in the same equip- 
ment for the regimes of undulating and twisting flow 
and present contours of the time-mean velocity as well as 
power spectra. 

None of the studies mentioned earlier provide the detailed 
information on the flow field that is required to predict 
heat-transfer coefficients for curved rectangular channels of 
large finite aspect ratio. The work described below has the 
objective of filling that void. 

Asymptotic Solutions 
A solution in closed form can readily be derived for the 

velocity distribution in subcritical angular flow due to a pres- 
sure gradient in the annulus between two concentric cylin- 
ders of infinite axial extent. The result (see, for example, 
Goldstein, 1938) for this hypothetical flow can be expressed 
as 

Integration of Eq. 1 over the annulus yields the following ex- 
pression for the mean velocity: 
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Equation 2 can also be expressed as 

16 irz  --1 'i' 

where 

Equation 3 can be expanded for small d/r, = (r2/r,)-- 1 to 
obtain 

111 
1L 

faveRe = 2 

1 - y )  30 r ,  -... 

Equation 5 indicates that subcritical flow in an annulus of 
infinite extent and small gap-to-radius ratio results in a 
slightly higher friction factor than flow between parallel 
plates, for which fled = 12. Equations 3 and 5 both predict 
that in subcritical flow, fa,, Re, is a function of d/r, (or r2/r1)  
but not of Dn. 

Solutions in closed form have not been attained for angu- 
lar subcritical flow in an annulus of finite aspect ratio, but 
the small effect of curvature indicated by the denominator of 
Eq. 4 suggests that the solution for fully developed laminar 
flow in a straight rectangular channel should be a lower bound 
and a good approximation for slightly curved flow. This solu- 
tion, which was first derived by de Saint Venant (1855) in 
another context, can be expressed in terms of the coordinates 
of the annulus as 

xcos{ (2n + 1 ) a  (1-+ 2(r - r l )  I. (6) 

Integration of ue, as given by Eq. 6, over the half cross sec- 
tion r ,  I r I r2, 0 I z I h/2 gives 

2 

where 

Equation 7 can be reexpressed in terms of the friction factor 
as 

111 
I L  

(9 )  
f l e d =  ( l+f )+{; ) '  

For large aspect ratios the summation of Eq. 8 approaches 
1.004524, hence 

(1 + fi [ 1 - ?(l.OO624)- 

(1 + f ) (1 -0.63025- 

- - 

Numerical Modeling 
An axial segment of the channel to be modeled is shown 

in Figure 2 in order to define the variables. For a channel of 
infinite extent the distance b represents a trial value for the 
unknown wavelength A of a pair of counterrotating vortices. 
For a channel of finite aspect ratio the distance b corre- 
sponds to h/2, the half-breadth of the channel. 

I 

I 

I r  d = 6 m m 4  

Figure 2. Grid arrangement for finite-difference compu- 
tations. 
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The actual channel of interest consists of an Archimedean 
spiral (with a constant change of radius with angle), but in 
the numerical modeling the effect of the changing radius is 
neglected, that is, at each distance through the coil the veloc- 
ity field is postulated to be the same as in fully developed 
angular flow in the annulus between two concentric cylin- 
ders. This is the same idealization as that made by Baurmeis- 
ter and Brauer (1979) for a spiral coil of circular cross sec- 
tion, and is analogous to the idealization made by a number 
of investigators in neglecting the pitch of a helical coil. 

The following additional postulates are made in the inter- 
ests of simplicity: 

1. invariant physical properties 
2. Newtonian behavior 
3. steady, axisymmetric, nonoscillatory flow 

The postulate of axisymmetry eliminates all derivatives in 6 
except for the pressure, but all three balances for momentum 
and all three components of the velocity must be retained to 
allow for a secondary motion. The equation €or the conserva- 
tion of mass can then be written in polar cylindrical coordi- 
nates as 

I 
33.0 

I I I I I I I 

A Density=32 kglm3 
0 Density=30 kglm3 
x Density=29 kg/m3 

A A A A A A  

32.0 - 
U e m ,  

4 s  
O O D O O  

31.0- x x x x x  

1 d  du,  
--(ru,)+ - = 0 
r dr dz - 

- 

- 

- 

and the equations for the conservation of momentum as 

(11) 

du, u; 
dz 

1 dP 
r d z  r d6 

and 

dP 1 d d u ,  
+ p - -  r- +- [ r a r (  dr  "6,']1 ( :; a u z )  dZ  d z  

p u,-+u,- = - -  

(14) 

The FIDAF' (Fluid Dynamics International, Inc.) finite-ele- 
ment code that was used to solve these equations would not 
(logically enough) accept an angular pressure gradient for 
fully developed toroidal flow. Hence the angular pressure 
gradient was replaced by an equivalent body force, that is, 
- (dP/dO)  in Eq. 13 was replaced by pG. Solutions for differ- 
ent pressure gradients were thereby generated by choosing a 
series of values of p. The value of G, which is arbitrary in 
this scheme, was chosen to be 1 X m2/s2. Calculations 
were carried out somewhat differently for infinite and finite 
aspect ratios. The computations were implemented at the 
Pittsburgh Supercomputing Center on a Cray Y-MP. 

Infinite aspect ratio 
The calculations for an infinite aspect ratio were for a sin- 

gle wavelength since the velocity field is postulated to be pe- 
riodic in this respect. This distance is not known in advance, 
so calculations were carried out for a series of axial distances 
b, and the wavelength was determined as the value of b = A 
for which the mean velocity in the angular direction is a mini- 
mum. 

The boundary conditions consisted of no slip at r ,  and r2 ,  
and those for symmetry at z = 0 and z = b. The inner radius 
rl was chosen to be 121 mm and the outer radius r2  to be 
127 mm, resulting in an inner-radius-to-gap ratio r , /d  = 
121/6 = 20.17. A dynamic viscosity equal to 1.9X Pa-s  
was utilized. 

The computational scheme involved a 17 X 25 mesh (in the 
r and z directions, respectively) with 425 nodal points and 
384 elements. The elements were four-noded, quadrilateral, 
and linear. The components of the velocity were approxi- 
mated by bilinear interpolation functions and the pressure by 
a piecewise discontinuous approximation. The penalty-pres- 
sure method was used with v * u  = 1 x P. The strategy 
of solution consisted of ten successive substitutive iterations 
followed by up to 500 quasi-Newton iterations. The toler- 
ances for velocity convergence and force convergence were 
both set at 0.001. This tolerance was sufficient for close 
agreement with theoretical values for the critical Dean num- 
ber and wavelength and with Eqs. 1 and 2 for subcritical val- 
ues of the Dean number. 

Computational Results 
The determination of the wavelength for three values of 

the Dean number is illustrated in Figure 3, in which the com- 
puted mean velocity is plotted vs. the postulated wavelength 
b for three specified densities. The values of uOm and A at 
the minimum of the curves, as well as the corresponding val- 
ues of A/d, Dn, and faveRed for all of the calculations are 
listed in Table 1. 

From the values in Table 1, the critical Dean number, as 
computed, is seen to fall between 35.666 and 38.794. Linear 

1 
30.0 

5.2 5.6 6 6.4 6 . 8  

trial value of wavelength, mm 

Figure 3. Determination of wavelength of vortices in a 
channel of infinite aspect ratio. 
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Table 1. Friction Factors and Wavelengths Determined 
Computationally for an Infinite Aspect Ratio 

P u,, f a x  Red 

kg/m3 mm/s Dn A/d Comput. Eq. 3 Eq. 15 
5 6.341 2.230 - 12.05 12.0009 

10 12.68 8.917 - 12.05 12.0009 
15 19.02 20.06 - 12.05 12.0009 
20 25.36 35.67 - 12.05 12.0009 

21 26.27 38.79 1.67 12.21 12.33 
22 26.85 41.54 1.53 12.52 12.66 
23 27.40 44.32 1.46 12.83 12.93 
24 28.00 47.26 1.39 13.10 13.19 

25 28.60 50.28 1.31 13.36 
26 29.17 53.33 1.21 13.62 
21 29.74 56.47 1.15 13.87 
28 30.32 59.70 1.09 14.11 

29 30.91 63.03 1.05 14.36 
30 31.49 66.43 1.01 14.56 
34 33.76 80.72 0.90 15.39 
40 36.96 103.96 0.725 16.54 

13.44 
13.67 
13.89 
14.11 

14.33 
14.54 
15.36 
16.52 

extrapolation of the larger values of faveRe, to 12.056 yields 
Dn, = 37.31, which is consistent with the theoretical value of 
35.92 obtained from stability analysis for d/r ,  + 0, the value 
of 37.20 determined by Walowit et al. (1964) for r,/d = 19, 
and the value of 36.592 computed by Finlay et al. (1988) for 
r, /d = 39. The corresponding value of A,/d = 1.67 is slightly 
above the theoretical values of - 1.6. In view of the insensi- 
tivity of the determination of A, as illustrated in Figure 3, 
such a small discrepancy is not surprising. 

The theoretical value of faveRe for subcritical values of Dn 
is predicted by Eq. 3 to be 12.00094 for r2/r, = 127/121. The 
slight but consistent discrepancy (0.4%) with the computed 
values in Table 1 for subcritical values of Dn is presumed to 
represent the net error of the computed values in this re- 
spect. 

The computed wavelength ratios are plotted vs. Dn in Fig- 
ure 4. These values are in good agreement with a curve of 
Finlay et al. (1988) (in their Figure 6) for the wavelength ra- 
tio corresponding to the maximum pressure gradient for a 
given value of Dn. 

The computed velocity vectors corresponding to Dn = 38.79 
and Dn = 103.96 are plotted in Figure 5. The intensity of the 
circulation may be noted to increase and the wavelength to 
decrease as Dn increases. 

The computed values of fa,, Re, for supercritical values of 
Dn are seen in Table 1 to be represented within 1% by the 
following empirical expression based on the canonical form 
proposed by Churchill and Usagi (1972): 

On the presumption that the combining exponent of 3/2 and 
the coefficient of 130 do not change, Eq. 15 can be general- 
ized as 

0.00 
0 2 0  4 0  60 8 0  100 120 

1 /z  
Dn = dzlemp (:) 

P 

Figure 4. Computed wavelength for vortices in a chan- 
nel of infinite aspect ratio. 

where (faveRe,),  and Dn, represent the appropriate values 
for any r,/d as given by Eq. 3 and by Walowit et al. (1964), 
respectively. 

The values of fav,Re, and A/d in Table 1 for supercritical 
values of Dn are based on the postulate of a series of steady 
symmetrical pairs of counterrotating vortices, and hence are 
presumed to be valid only up to values of Dn for which this 
mode of flow remains physically stable. The constraint ap- 
plies to Eq. 15 and to the graphical correlation in Figure 4. 
The values of faveRed and A/d in Table 1 are for a single 
value of r,/d = 20.17, but are implied to be a function of Dn 
only rather than separately of Re, and rJd.  The range of 
validity of this postulate is unknown. 

l i  Dn = 38.79 - X l d  = 1.67 
Dn = 104.0 
A / d  = 0.725 

Figure 5. Computed velocity vectors for secondary mo- 
tion in a channel of infinite aspect ratio (Dn, 
= 37.31). 
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Table 2. Computed Friction Factors for Large Finite Aspect 
Ratios 

P U8rn 
kg/m3 mm/s Dn f a v e  Red 

h/d = 5 (1 1.442)* 
20 21.845 30.72 11.658 
21 22.553 33.30 11.857 
22 23.544 36.42 11.749 
23 24.444 39.53 11.981 
24 25.595 43.20 11.940 

h/d = 12 (11.691)* 
19.0 
19.5 
19.7 
19.9 
20.0 
21.0 
21.5 
21.8 
22.0 

22.664 
23,242 
23.480 
23.712 
23.829 
24.987 
25.564 
25.508 
25.665 

30.28 
31.87 
32.53 
33.18 
33.51 
36.90 
38.65 
39.10 
39.70 

11.824 
11.831 
11.834 
11.837 
11.838 
1 1.854 
11.862 
12.054 
12.091 

h/d = 16 (11.757)* 
20.0 24.192 34.02 11.889 
21.0 25.377 37.47 11.901 
21.6 26.086 39.62 11.908 
21.8 25.804 39.56 12.150 
22.0 25.875 40.03 12.228 

, Dn=38 .65  Dn = 39.10 

Figure 7. Computed velocity vectors for secondary mo- 
tion in a channel with an aspect ratio of 12 
(on, E 39). 

"From Eq. 9. 

Finite aspect ratios 
In order to determine the effect of the ends of the channel 

on the fluid motion in the annulus between two concentric 
cylinders of finite length, finite-element calculations were 
carried out for aspect ratios of 5, 12, and 16. The only signifi- 
cant difference in the modeling for these finite aspect ratios 
as compared to that described earlier for an infinite aspect 
ratio arises from the boundary conditions in the axial direc- 
tion; the condition of symmetry at the unknown distance z = b 
was replaced by the condition of no slip at z = h/2. Also, 
since the ratio h/2d for each of the three of the specified 

aspect ratios was greater than A/d for the infinite aspect ra- 
tio, a greater number of finite elements was necessary. In 
order to maintain approximately the same ratio of elements 
per vortex as for the infinite aspect ratio, grids of 17x45, 
13 X 72, and 13 X 88 were used for aspect ratios of 5, 12, and 
16, respectively. 

The computed values of fav, Re, for a series of Dean num- 
bers encompassing the critical value are listed in Table 2. 
Values of faveRed computed from Eq. 9 are included for ref- 
erence. 

Velocity vectors for values of Dn just below and just above 
that for the formation of vortices are plotted in Figures 6, 7, 
and 8. A secondary motion in the form of a boundary-layer- 

Dn = 36.42 Dn = 39.53 

z 

- I .  Dn = 37.49 Dn = 39.62 

Figure 6. Computed velocity vectors for secondary mo- 
tion in a channel with an aspect ratio of 5.0 
(Dn, = 39). 

Figure 8. Computed velocity vectors for secondary mo- 
tion in a channel with an aspect ratio of 16 
(on, = 39). 
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like flow around the entire periphery of the channel is appar- 
ent for the subcritical values of Dn. 

This behavior is in contrast with that in an unbounded an- 
nulus for which no secondary motion occurs below the criti- 
cal value of the Dean number. For subcritical flow the 
boundary-layer-like motion would be expected to result in a 
slightly higher Poiseuille number Po = faveRed than for a 
straight channel of the same cross section, a slight increase in 
Po with the rate of flow (as represented by the Dean num- 
ber) for the same aspect ratio, and an increase in the rate of 
flow (as represented by uBn, and Dn) with an increase in the 
aspect ratio for a given body force (as represented by p).  All 
three of these effects can be discerned from the values in 
Table 1. (The decrease in Po with decreasing aspect ratio for 
a given value of Dn is an artifact of basing f on the average 
shear stress on all four surfaces; - dP/dO itself increases.) 

The circulation for slightly supercritical values of the Dean 
number is seen in the half-region of Figures 5,  6, and 7 to 
consist of one or more pairs of equally sized vortices plus one 
pair with one much larger half-cell. 

The computed velocity vectors for h/d = 12 are compared 
in Figure 9, with a photograph of the motion by Cheng et al. 
(1977) for essentially the same conditions. The agreement in 
form is very good. 

Visualization Study 
The visualizations mentioned earlier by Brewster et al. 

(1959), Kelleher et al. (19801, and Ligrani and Niver (1988) 
all involved flow in a sector of a circular annulus. In order to 
provide a more realistic simulation of flow in a spiral, a visu- 
alization study was carried out in the apparatus shown in Fig- 
ure 10. As indicated, this device was constructed in the form 
of six half-cylinders of discretely increasing radius. This ge- 
ometry is a close approximation of an Archimedean spiral. 
The channel was actually formed from three sections of round 
Plexiglas tubing with radii of 202.3 mm, 228.6 mm, and 254 
mm, each 292.1 mm in length and 3.175 mm in thickness. The 
three sections of tubing were cut once axially and forced into 
pseudo spiral grooves, 3.175 mm deep and slightly greater 
than 3.125 mm wide, in square endplates of Plexiglas, 304.8 
mm on a side and 9.525 mm thick. The cylinders were fas- 
tened into the grooves and to one another with acrylic ce- 
ment. This construction resulted in a channel with a width of 
6.35 mm, a length of 295.75 mm, and an average radius of 
111.2 mm. Hence h/d = 46.6 and rave/d = 17.51. 

The experimental fluid was water and the visualization 
agent was 0.1 wt. %, finely ground mica and powdered tita- 
nium dioxide pigment (Mearlin). The tracer-laden water was 
circulated inwardly through the spiral with a pump. The rate 
of circulation was measured with a rotameter. The fluid in 
the inner turn was illuminated with a 150-W slide projector 
containing a slide with a 2-mm-wide slit. Photographs were 
taken in the direction normal to the plane of illumination 
with a 35-mm camera and a 90-mm telemacro lens. Kodak 
Gold ASAlOO film was exposed for 0.25 s at an f-stop of 32. 
This technique of visualization is similar to that used by Cliffe 
and Mullin (1 985) to observe Taylor vortices between rotat- 
ing cylinders. 

A black and white copy of a colored photograph of the 
motion is shown in Figure 11. The uniform gradations caused 

L T .  Dn = 39.10 Dn = 38.1 

Figure 9. Comparison of computed velocity vectors for 
secondary motion in a channel of aspect ratio 
of 12 with a photograph of Cheng et al. (1977). 

by the secondary motion are most evident in the innermost 
channel (on the right) because of the higher Dean number of 
41 and the longer entrance length of 1.5 turns. Only one vor- 
tex of each counterrotating pair is visible in the photograph. 
The observed value of the wavelength was approximately 1.6 
times the spacing between the walls. At elevated rates of flow 
corresponding to Dn 2 45, a secondary circulation was no 
longer visible, and the occurrence or nonoccurrence of the 
transitions to steady-state wavy flow and to undulating time- 
dependent flow as predicted by Finlay et al. (1988) could not 
be observed. 

light projected in 
this direction 

secondary motion 
viewed from this 
direction 

Figure 10. Apparatus for flow visualization. 
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L, 
Dn = 41 

Xfd = 1.6 

Figure 11. Observed secondary motion in a channel 
with an aspect ratio of 44. 

Friction Factor for a True Spiral 
The friction factor for fully developed angular flow in an 

annulus of infinite aspect ratio is predicted by Eq. 3 for Dn I 
Dn, and by Eq. 16 for Dn 2 Dn,. These predictions are pos- 
tulated to provide a good approximation for the local friction 
factor in an Archimedean spiral of infinite aspect ratio if Dn, 
Dn,, and ( faVeRe,), are evaluated at the corresponding val- 
ues of 

r,  ro+ P x  rave ro f P x  1 
d d '  d d + 5, A=- -- -- 

where ro is the inner radius of the channel at the inlet of the 
channel (x = 01, P is the modulus of curvature of the spiral, 
and x is the distance measured from the inlet along the inner 
wall with the positive sign corresponding to outward flow and 
the negative sign corresponding to inward flow. The mean 
friction factor over any distance L measured from the inlet is 
then simply 

(17) 

Specific calculated results are not presented here for true 
spirals because of the several additional parameters ( p, rn, 
and L )  and the absence of experimental data for confirma- 
tion. 

Concluding Remarks 
The finite-element modeling described herein provides the 

first detailed velocity fields for angular flow in the annulus 
between two concentric cylinders (equivalent to a torus of 
rectangular cross section) for large and infinite aspect ratios. 
The hypothetical pressure gradient for such flows was simu- 
lated by an equivalent body force. 

For an infinite aspect ratio and an inner-radius-to-gap ra- 
tio of 20.17 the motion was found to be wholly angular for 
values of 

below a critical value of 37.31. For greater values of Dn a 
secondary motion in the form of pairs of counterrotating vor- 
tices was computed. The wavelength of these pairs of vortices 
was determined by trial and error as that distance that re- 
sulted in the minimal mean rate of flow for a given pressure 
gradient. The relationship between the wavelength of the 
vortices and the Dean number as so determined is in good 
agreement with the prior analysis of Finlay et al. (1988) for a 
large finite aspect ratio as well as with the visualizations of 
Kelleher et al. (1980) and of the present work. 

The computed value of the critical Dean number is in good 
agreement with prior results obtained by stability analyses as 
well as with the results of the current visualizations. 

The computed friction factor expressed in terms of fa,, Re, 
as a function of Dn for Dn, I Dn I Dncu is well represented 
by Eq. 15, which can be generalized for other conditions in 
the form of Eq. 16. 

The approximate calculations of Walowit et al. (1964) us- 
ing the Galerkin method indicate that the critical value of the 
Dean number and the corresponding wavelength obtained 
herein for an inner-radius-to-gap ratio of 20 differ only about 
1% from those for the classical case of an infinite ratio. 

The computations for finite aspect ratios of 5, 12 and 16 
reveal a boundary layer type of secondary motion below a 
critical value of the Dean number, while for larger values a 
number of counterrotating vortices similar to those for an in- 
finite aspect ratio were computed plus one very extended 
vortex near each end wall. 

The computed patterns of flow for finite aspect ratios are 
in excellent agreement with the visualizations of Cheng et al. 
(1977). 

The computed friction factors for finite aspect ratios are 
consistent with one another, with those for an infinite aspect 
ratio, and with the asymptotic solution for no curvature, but 
cover an insufficient range of Dn to support the construction 
of a generalized correlating equation. 

Although all of the present and prior results are actually 
for toroidal flow, they are presumed to be applicable, as de- 
scribed herein, as a reasonable approximation for spiral coils. 

Finally, the computed velocity fields, which are necessarily 
only illustrated herein, have been found to be sufficient in 
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scope, detail, and accuracy to support the derivation of corre- 
sponding values for the heat-transfer coefficients on the in- 
ner and outer walls. 
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Notation 
b =height of regime of finite-element computations 
f = Fanning friction factor = 

fa,, =Fanning friction factor based on average radius 
G =arbitrary body force, m2/s2 
h =axial length of annulus 
n =index of summation 
P =dynamic pressure due to velocity 
r =radial coordinate 

rave = ( r ,  + r2)/2 
Re, =Reynolds number based on d = du, p / ~  

u,  =velocity in the r direction 
uz =velocity in the z direction 
ut) =velocity in the 0 direction 

Greek letters 
0 =angular coordinate 
I.L =dynamic viscosity 
p =specific density 

T,,,, =shear stress on the inner wall of an annulus 
T~~ =shear stress on the outer wall of an annulus 

i+b(h/d) =function defined by Eq. 8 

Subscripts 
a =value for purely angular flow 
c =critical value for onset of vortical motion 

cu =critical value for onset of undulating vortical motion 
m -mean value 
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